We investigate the probe holographic fermions by using an anisotropic charged black brane solution. We derive the equation of motion of probe bulk fermions with one Fermi momentum along the anisotropic and one along the isotropic directions. We then numerically solve the equation and analysis the properties of Green function with these two momentums. We find in this case the shape of Fermi surface is anisotropic. However, for both Fermi momentums perpendicular to the anisotropic direction, the Fermi surface is isotropic.
Introduction
Landau Fermi liquid theory is the standard model for theory of metals and it helps us understand almost all metals, such as semi-conductors, superconductors and so on. Recently, this theory has been challenged by physics by the facts that lots of materials have been found which cannot be described by Landau Fermi liquid. For example, the Landau Fermi theory fails to describe electromagnetic properties of Weyl metal [1, 2] . In recent years, using AdS/CFT correspondence [3, 4, 5] to build a non-Fermi liquid theory has been widely studied in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . In ideal systems, the Fermi surface is isotropic, but in real materials, the Fermi surfaces are always anisotropic and inhomogeneous. For instance, the electric structure of superconducting cuprates, is highly anisotropic because of the atomic lattice effects.
In [18, 19] , one of us obtained a charged and spatially anisotropic black brane solution, dual to a spatially anisotropic N = 4 super Yang-Mills (SYM) theory at finite chemical potential and finite temperature. The anisotropy is introduced through deforming the SYM theory by a θ−parameter of the form θ ∝ z, which acts as an isotropy-breaking source that forces the system into an anisotropic equilibrium state [20, 21] . The purpose of this paper is to investigate the properties of the probe holographic fermions in this anisotropic but homogenous background. Note that in our case, the linear axions do not lead to a periodic deformation of the boundary conformal field theory and thus cannot be considered as holographic lattice. Nevertheless, the axions do result in anisotropic Fermi surface.
It is worth noting that there also are some papers [22, 23] working on the anisotropic holographic fermions system. In [22] , the authors studied anisotropic Fermi surface by consider BGP lagrangian. But the gravity background is isotropic. In [23] , the authors numerically constructed an anisotropic holographic lattice background by adding a neutral scalar field with the periodic boundary conditions along the spatial direction, and using this background to study the anisotropic Fermi surface.
This paper is organized as follows: we briefly review the anisotropic and charged black brane solution in section 2. In section 3, we give the equation of motion for the probe fermions with one momentum along the anisotropic direction and one momentum along the isotropic direction. We solve the Dirac equation numerically and study the properties of the Fermi surface in section 4. In particular, we study the holographic fermions with momentums along the isotropic directions and reveal that the resulting Fermi surface is isotropic. The conclusion is presented in the last section.
The anisotropic charged black brane solution
The anisotropic charged black brane solution can be derived from the fivedimensional Einstein-Maxwell-Dilaton-Axion truncation of gauge AdS supergravity with compactification of ten-dimensional type IIB supergravity on S 5 . The non-linear Kuluza-Klein reduction of type IIB supergravity to five dimension, leads to the the presence of an Abelian field in the action. The time component of the Abelian field results in a non-zero chemical potential in the dual gauge theory. Different from the chargless anisotropic black brane solution, the introduction of the U(1) gauge field breaks the SO(6) symmetry and thus leads to the excitations of the Kaluza-Klein modes.
Background solution
The effective action for the Einstein-Maxwell-Dilaton-Axion theory can be written as [18, 19] 
where
and χ is an axion field. The black brane solution takes the following form
The metric was already solved numerically and analytically in [18, 19] . While a 2 > 0 corresponds to the prolate anisotropy, the analytic continuation of the anisotropy parameter a 2 < 0, gives rise to an oblate anisotropy. Note that the form of the metric given here is slightly different from that of [18, 19] and we choose χ = ax only for the convenience of computation.
In the following, we will mainly utilize the analytic black brane solution. The metric functions given in the r-coordinate can be solved by perturbing around the isotropic Resseiner − Nordström-AdS black brane [18, 19] 
where 
and dimensionless charge q =
The constant Q is a dimensional charge which corresponds to the U (1) gauge field. The gauge field A t is given by 
In Taylor series expansion of a, the Hawking temperature and entropy density can be expressed as
. (7) and
Thermodynamic properties
The anisotropic black brane yields very interesting thermodynamic properties, as discussed in [18, 19] . For the prolate anisotropy a 2 > 0, the black brane suffers thermodynamic instabilities. For a fixed temperature there are two branches of allowed black brane solutions, a branch with larger horizon radii and one with smaller. The smaller branch of solution is unstable with negative specific heat. This situation is very similar to the case of Schwarzschild-AdS black holes with a spherically horizon. As to the oblate anisotropy, the black brane is qualitatively the same as the planar black brane. That is to say, there is only one stable branch of black brane solution and the thermodynamics is dominated by this phase for all temperature.
Before we discuss the property of holographic fermions, we should clarify the the parameters used in the numerical computation. In order to work near the zero temperature, we will fixed the dimensionless charge as q = 1.4. After that, we vary the anisotropy parameter a 2 from the "prolate anisotropy" to the "oblate anisotropy". Figure 1 shows how the entropy density varies as the temperature and a 2 changes. The parameter range (q = 1.4 and a 2 ) is shown by the red line of the figure 1. For the prolate anisotropy a 2 > 0, there exists two branches as shown in the left plot of figure 1. We will work with the stable branch. As to the oblate anisotropy a 2 < 0, it was demonstrated in the right plot of figure 1. Note that the background thermodynamic is exactly the same as RN-AdS when a 2 = 0. We will study the properties of holographic fermions for the cases a 2 = 0, a 2 > 0 and a 2 < 0 in the following section, respectively. 
Dirac Equation
In order to study the properties of the probe fermions on the dual boundary theory, we consider the bulk action for a probe Dirac fermion with the mass m, charge q f . The action of bulk fermion is
Here (e µ ) a form a set of orthogonal normal vector bases. From above action, the Dirac equation can be written as
Then, we make a Fourier transformation ψ = (−gg rr )
, and use the following gamma matrices basis
Note that we choose k x along the anisotropic direction and k y along the isotropic direction. We setφ = φ 1 φ 2 . The Dirac equation becomes to two coupled
In order to decouple the equation of motion, we assumeφ I = y I z I , with
The ingoing boundary condition for φ I at the event horizon can be imposed as
with r * = dr r 2 F √ B
. Near the AdS boundary, the solution of the Dirac equation (12) 
where I, II correspond to two independent ingoing boundary conditions. From the holographic dictionary, the retared Green function is
where we have defined
For numerical convenience, we can define the following matrices
An then one can obtain the evolution equation as follows In term of Eq. (14), we can easily find the boundary condition for the above evolution equation at the horizoñ
After solving the evolution equations (19), we can read off the boundary Green's function as
The properties of anisotropic Fermi surface
In this section, we mainly focus on the property of the spectral function A(ω, k x , k y ) = Im[G 11 + G 22 ]. In the discussion below, we will study the case of m = 0, q f = 1 and r H = 1 for simplicity but without loss of generality. Before we start to study the property of holographic fermions, the parameters a which determines the level of anisotropy and the dimensionless charge q should be determined. For fixed q, the temperature of the system will be low whatever a changes. Thus, we choose q = 1.4 in order to make sure the temperature of system is finite and close to zero. From (19), we can discover that
The shape of Fermi surface
Now, we investigate the Fermi momentum along x− and y− axes. With this in mind, we solve the equations of motion (19) numerically.
Firstly, we will find the Fermi momentum along the x−direction (i.e. k y = 0) for a 2 = 0. For the imaginary part of retard Green function, a peak appear in the region ω > 0 which has a broad maximum (see the left plot of figure 2). When k x = 2, this peak is sharper than k x = 2.2. As the value of momentum approach 1.84318392, a sharp quasi particle like peak is generate near ω = 0, that height go to infinity and width close to zero. By studying the spectrum function A(ω, k x , 0) for a given ω = 10 −9 , we can determine Fermi momentum Table 2 : Fermi momentums with different a 2 for a 2 < 0 k F = 1.84318392 along the x− direction for a 2 = 0 (see the right plot of figure  2 ). That is to say, when a = 0, the background is the same as five-dimensional RN-AdS black hole. And above result agrees with that of [7, 8] , although the form of Green function is different to (21) . This was also testified that our equation of motion (19) is correct.
Next, we will study the shape of Fermi surface. When a 2 = 0, the background is isotropic which became to RN-AdS black hole. We find that the shape of Fermi surface is also isotropic for a 2 = 0. In other word, the Fermi momentums are equal on each direction of the k x − k y plane. We can fit our numerical result by a function as follows [23] :
For convenience, we can also introduce two quantities that are the difference between the k x axis and k y axis d = c x − c y and the flattening factor f = cx−cy cx . From the above result, we see that the shape of Fermi surface for a 2 = 0 case is a sphere. It means c x = c y = 1.84318392 and d = f = 0.
Turning to the prolate anisotropy a 2 > 0, we expect that the shape of the Fermi surface would be deformed by the anisotropy parameter. Under this circumstances, we work with the stable branch and study the influence of a 2 to the Fermi surface. As the result showed in Table 1 , the Fermi momentum on k x direction is larger than that on k y and the flattening of the shape of Fermi surface decreases as a 2 decreases. In other word, the shape of Fermi surface is a prolate sphere when a 2 > 0. As to the oblate anisotropy, the spectral function can still be solved numerically although the anisotropy parameter becomes imaginary. We find c x is smaller than c y , and the difference between the c x and c y increases as a 2 decreases. The flattening factor of Fermi surface is minus, so the Fermi surface is an "oblate"-like one.
To have a clear physical picture about the effect of anisotropy parameter a 2 on the shape of the Fermi surface, we plot the Fermi surface with larger anisotropy in figure 3 . Note that we set r H = 1, q = 1 and q f = 5. The temperature in this case will become bigger than the above discussion. We can find that boundary field theory generate an "prolate" Fermi surface when a 2 > 0 and an "oblate" Fermi surface in the case of a 2 < 0 in figure 3 . So far, we have checked the effect of the anisotropy parameter on the shape of the Fermi surface. Choosing the momentum along the anisotropic direction, we reveal that an anisotropic geometry indeed results in an anisotropic Fermi surface. It would be interesting to give an expression for its influence. In figure  4 , we find the Fermi momentum is decreases as a 2 increases whether for positive or negative a 2 . We can obtain the relation between k F and a 2 , which is almost linear from figure 4. Then, by fitting the data of k F and a 2 , we have
From above relations, we find that the influence of the anisotropy of the background to Fermi momentum on k x is bigger than k y direction. The "prolate" solution correspond to "prolate" Fermi surface and the "oblate" solution correspond to "oblate" Fermi surface. In a word, the anisotropy of the background effect the shape of Fermi surface in case the momentum is chosen along the anisotropic direction. 
The scaling behavior
In the following, we try to ascertain type of the dual system. Thus, we must acquire two scaling behaviors at
For convenience, we analyze the scaling behaviors with two cases (k x = 0 or k y = 0). The dispersion relations is given by
and the scaling relation of the height of ImG 22 scales as k ⊥
As to the case a 2 = 0.01, we find the dispersion relation for this anisotropic background is almost linear (i.e. α ≈ 1)(see the left plot of figure 5 ). To make sure whether the dual liquid is that of the Landau Fermi liquid type, we must check another scaling relation. To be more clearly, we take the logarithm of the both sides of the equation (25) . As demonstrated in the left plot of figure 6 , we find β = 1. From figure 5 and figure 6 , we can see that a cannot change basic type of two scaling behaviors both for k x and k y .
As pointed out in [24, 25] , the exponent of scaling behavior obeys α = β = 1 for Landau Fermi liquid. We checked a 2 > 0, a 2 = 0 and a 2 < 0 cases, which the scaling behavior α ≈ 1 and β = 1 is still valid. So in this regard, the dual liquid does not behave as a Landau Fermi liquid one, which means the type of dual liquid is non-Fermi liquid for this anisotropy background geometry.
Influence of axion field with isotropic spatial direction
In this subsection, we will discuss the holographic fermions with momentums perpendicular to the anisotropic direction. In order to do this, the background metric can be written as We may take a transformation ψ = (−gg rr ) − 1 4 e −iωt+ikxx+ikyyφ . The Dirac equation can still be solved numerically as given in the previous subsections. The result shows that for any cases, the Fermi surface is isotropic and c x = c y . This implies that although the background geometry is anisotropic, the Fermi surface is isotropic if the momentums are chosen along the isotropic directions. We also find smaller a 2 can make Fermi momentum bigger.
Discussion and Conclusion
We have investigated the anisotropic fermions system at low temperature by using a five dimensional charged and anisotropic geometry. The properties of Fermi surface can be summarized as follows:
• The Fermi momentum decreases as a 2 increases for all cases.
• For the case the momentum along the anisotropic direction, the "prolate anisotropy" results in "prolate" Fermi surfaces and the "oblate" solution leads to "oblate" Fermi surfaces. On the other hand, the Fermi surface still remains isotropic if the momentums of the Dirac wave function is chosen perpendicular to the anisotropic direction.
• The scaling behavior has been studied in this background and the dual system is a non-Fermi type liquid.
In general, we obtain an anisotropic non-Fermi liquid from holographic system. For real materials, it always has the lattice structure that corresponds to Brillouin zone, and the first Brillouin zone is important. In this paper, the axion field does not result in a periodic deformation of the boundary conformal field theory. So the Fermi surface observed here is different from the anisotropic Fermi surface obtained by using a neutral scalar field with periodic boundary conditions [23] . The Fermi surface which we discussed in this work should locate in the first Brillouin zone.
